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The controlled motion of a spacecraft in a central gravitational field along a spatial
trajectory with fixed ends is considered, The variable parameters of the trajectories of
motion of the craft are approximated by polynomials in powers of the time whose coef-
ficients are determined from the boundary conditions,

1, The motion of a spacecraft under the action of the controlling acceleration W ap-
plied to its center of mass'0; is described by equations in a rotating right~-handed ortho-
gonal system (Ozyz whose y-axis coincides with the radius vector r constructed from the
center of atiraction O to the point ¢, and whose z-axis coincides with the direction of
motion in such a way that the vector V of the absolute velocity of its center of mass lies
in the plane z,, The orientation of the axes Uzyz relative to the inertial axes Of 0§ is
defined (Fig.1) by the longitude @ of the ascending node, the inclination i of the instan-
taneous orbital plane to the equator, and the range angle z. The equations of motion are

V=W, +oV, V), =W
0=W._+o

y——szx—g

w,=—V [r, g=go(Re/T) (1.9
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The rates of change of the angles defining the orientation of the rotating axes relative
to the inertial axes are defined by the differential equations

dQ sinu i du o . te i L2
=9 smi o7 =@,y g =—0,—osinuctgl (1.2)

The present paper concerns a method of programing the spatial trajectory of motion
of the spacecraft under given boundary conditions,
The parameters of the trajectory of motion of the
craft are expressed in the form of analytical relations
realized by sufficiently simple control functions
W.(t), Wy(t), Wi(t). These control functions repre-
| / sent the projections on the moving axes zyz of the
j controlling acceleration W applied to the center of
mass of the craft,
The controlling acceleration is given by the expres-
sion

7

W=)YW2+W2+W?2 (1.3)
The apparent velocity expended on control is given
Fig, 1 by T
v (T) = S Wwat (1.4)

1]
where 7' is the duration of the controlled motion,

Fulfillment of the inequalities
Wain @) SW () SW 42 (0, v (Ty o, (1.5)

during motion over the control period 0 < ¢ < 7 along the predicted craft trajectory are
verified ; here W ,;,(1) and Wpa4(¢) are certain bounded functions of time, The control
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is oonsidered permissible if these inequalities are fulfilled,

The problem of bringing the spacecraft to a specified point in the phase space within
a given time has quite a simple solution if the parameters of motion of its center of mass
over the time interval 0 <t < T are expressed in the form of the polynomials

Valr = ay + ayt 4 a,i?, r= by 4 byt bet? -} b3 (1.6)
These equations enable us tc find the remaining parameters of the trajectory and to
determine the coefficients q,..., as,..., by,..., b; from the boundary conditions,

The polar angle in the plane of the involute between the initial and present positions

of the radius vector of the center of mass of the craft is given by the equation
t

J = S o dt .7
0
This equation is integrated with allowance for the fourth equation of (1.1) and the
first equation of (1. 6).
Carrying out this integration, we obtain
J = t{ag + Yooyt 4 Ysa.t?) (1.8)

The coefficients of Eq. (1, 8) and of the first equation of (1, 6) are determined from
the boundary conditions for = 0 andt= T,

ay = Yo a —i< ka 2 ——-3 )
T T T\ T Ty '-a°+TJk
3 [ Ve 2 (1.9)
a — Te i'k +a°_.._Jk)

We assume that the quantities v
controlled motion are known,
Differentiating the second equation of (1, 6), we obtain the vertical velocity of the
craft and the relative acceleration along the radius vector of its center of mass,
re=Vy = by -+ 2byt + 3bg?, V' = 20, + 6bgt (1.10)

x07 kav Tos Tk "0.1 Tk., Jk and T at the beginning of

We determine the coefficients b,..., b3 by solving these equations simultaneously
with the second equation of (1, 6) for the prescribed boundary conditions for ¢ = 0 and

t=1T 1 3h
' bo=ry, bi=ry, b= T <-—T — T 27‘0')

1 2h (1.11)
b3=—T—2- r'k+ro'————7—,-), h:rk—ro

The projection of the absolute velocity vector V on the direction of motion is defined
as the product of the first and second equations of (1, 6),
Ve =co+ crt + ...t cst® (1.12)
Computing the coefficients ¢,,..., ¢s, we obtain
¢y = aobo, €1 = agby + a1bg, 3 = agb; + @by + a5by (1.13)
c3 = aobs + ayby + @by, ¢ = arby + @by, €5 = ayby
The relative acceleration of the craft in the direction of motion is found by differen-
tiating Eq, (1.12), Vo = ¢ + 2e0t + ... Sestd (1.14)

Multiplication of the first equation of (1. 6) by the first equation of (1,10) gives us
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the rotational acceleration of the craft,

VeVy/r = py 4 pit + ... pgt? (1.15)
Computing the coefficients py,..., ps, we obtain
Po= aohy, p= 2a4by - a1by, py = 3aghy + 2a:; + agby (1.16)

p3 = 3aybs + 2855, py = 3azbg
Multiplying the first equation of (1, 6) by Eq, (1. 12), we obtain the centripetal acce-
leration along the trajectory of motion of the craft,
Vil = go+ gt -+ oo gaot” (1.17)

Computation of the coefficients ¢,..., ¢-" with allowance for (1,13) yields
go = a¢*be, @ = ao(2a1bo + aghy), gs = 2ag(arby + aghy) + ag’y + a;%by
g3 = 2 (a18,bg + agasdy + ag01by) -+ atbs + oy
9s = 2(a1aby + agagby + agayby) + 1%y + a5%b, (1.18)
gs = 2ag(asby -+ agbs) + @by + as®y,  ge = @2 (aeby + 2a105), @2 = a,%b;

The control function Wy (¢) is found from the first equation of (1, 1) with allowance
for Egs. (1.14) and (1.15),
W, = ¢+ po + (26 + pot -+ oot (5es -+ ptt (1.19)
The control function Wy(¢) is found from the second equation of (1,1) with allowance
for the second equation of (1,10) and Eq, (1.17),

Wy = 2bs — gy + (6b3 — g1}t — @ot® — ..~ @t + ¢ (1.20)

The gravitational acceleration ¢ in this equation is a known function of time by virtue
of the fifth equation of (1,1) and the second equation of (1.86).

Control laws (1.19), (1.20) completely define the motion of the craft in the plane of
the involute along the chosen trajectory with fixed ends,

2. The control law for the motion of the orbital plane of the craft (according to [1])
is W, = KV,z2/r (2.1)

With this control law Egs, (1.2) are integrable independently of Egs, (1, 1), which makes
it possible to program the spatial trajectory of the spacecraft,

Programing of the controlled motion of the orbital plane begins with prescribing the
shape of the craft trajectory on the surface of a unit sphere,

The locus of the representing point over the segment of the trajectory where W, = 0
lies along a great-circle arc, and the angle J is determined from the boundary conditions,
The representing point is defined as the point of intersection of the radius vector of the

center of mass of the craft with the surface of the unit sphere,
For W, == 0 the character of the locus of the representing point is determined from
the formulas derived in 1],

X
K
dx si K co
J= § zsign (K cos ) (z = cos )
J V=0 F K3z 4 2kz + K* — k*
0
cosi-—Ksinusini=1F, k = cosip~— K sin ugsin iy (2.2)

Q o—f (z — k) sign (K cos u) dz
R @) V(AT ) St e+ K

R
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To simplify the subsequent operations involved in determining the shape of the trajec-
tory described by the representing point we orient the inertial axes in such a way that
Uy =Qy=1i,=0
at the initial instant of orbital-plane motion control,
The third relation of (2,2) then gives us the constant k = 1.
Let us assume that the extremal value i, of the angle of inclination of the orbital
plane is not attained during the control period, Then, integrating the first and last equa-

tions of (2, 2), we obtain d + K% cogi —1
J = ——=—==arccos [——K.,,——-

Vi+ K2
1 1 4
=—2-arccos|:-l—(7 (—m+2+K2]

Transforming the second equation of (2, 2) for k = 1, we obtain the range angle,

(2.3)

1 1 4
U = 7 &rc cos [F (— m +24 K‘Z)] (2.4)
Combining the resulting equation with the second equation of (2, 3), we obtain the
identity Q=u (2.5)

It is evident from geometric considerations that
this identity can be fulfilled at any instant only
if the instantaneous orbital plane is in continuous
contact with the surface of a circular cone with
its vertex at the center of attraction, The inter-
section of the surface of a circular cone with the
surface of a unit sphere is a small circle,

Let us demonstrate the validity of this geomet-
ric argument,

Figure 2 shows a circular cone with its vertex
at the origin of the inertial coordinate system E,
n &

During controlled motion the representing point M describes the arc § coinciding with
the base of the circular cone,

We see from the geometric construction that the extremal inclination i, of the orbital
plane corresponds to Q = u = n/2.

The same conclusion is obtained by considering the second equation of (1,2) and Eq,
(2. 5), The base angle of the circular cone is i,/2.

The radius of the small circle which is the base of the circular cone is

p = 1-cos (i,/2) (2.6)

Fig, 2

From the second equation of (2,2) for i = i, and u = n/2 we find that
cos(i,/2)=1/) VI+K? (2.7)
Comparing this expression with formula (2. 6), we obtain the equation
p=1/V1+K* (2.8)
The length of the small-circle arc on the control segment (Fig, 2) is
S = pa (2.9)
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On the other hand we have the equation
S=1.J
Transforming this formula with allowance for (2. 8) and (2, 9) we obtain
a=JViF+K® (2.10)
The construction of Fig,2 with allowance for Eq, (2. 7) yield the relation

(1 + K?cosi—1)
o == arc cos [ e

(2.11)

A similar relation can be obtained from the first equation of (2. 3) with allowance
for (2.10).

We are now fully convinced of the validity of the geometric interpretation of the
character of motion of the orbital plane of the craft,

Let us consider the basic case of transfer of the craft from the initial orbital plane to
the prescribed plane where the control function W, is of constant sign and where the
motion occurs over a unique small-circle arc,

The craft can be transferred from the initial orbital plane to the prescribed one along
an infinite number of arcs of differing curvature, This makes it necessary to optimize
the trajectory of motion of the orbital plane,

As our optimality criterion we take the functional &
v,=$ | W, | dt = min

03 :
1
Making use of (2.1), we can rewrite this functional
as I sz . ‘
v, = |K|—r-*dt: min (2.12)

121

The unknowns in this equation are the coefficient
K and the integration limits ¢, and f,-

The initial and final instants ¢, and ¢, of controlled
motion of the orbital plane are functions of the coef-
ficient K.

The dependence of the integration limits ¢, and ¢
on the parameter K can be found by means of a geo-
metric construction (Fig. 3). The motion over the seg-
ments 0 —1 and 2 — % in the figure is along great-
circle arcs; the motion over the segment 1—2 is over
a small-circle arc,

Fig. 3 The quantity Jy, is the angular distance along a
great-circle arc between the initial position of the
radius vector of the center of mass of the eraft and the line of intersection of the initial
and prescribed orbital planes,
By virtue of (2. 5) and (2. 3)

1 4 AN
Qp=up='2—ar0603['ﬁ(—mk—+—1‘+2-r A2>J

We infer from this expression, Eq. (1. 8), the first equation of (2. 3), and the geometric
constructions of Fig, 3 that

0
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_ 1 1 4 1 1
Ji=Jp— r,arccos[K ( W+2+ K"")]=tl(ao+§"alt1+-3—aztfl>

4 {t + K% cos ik——i
WV1 =% are ¢os 17 ]m 2 (“0“}‘ 5 ¢1t2+ asts ) (2.43)
Differentiating functional (2, 12) with respect to the parameter X and equating the

result to zero, we obtain the following equation for determining the optimal value of the
quantity K :

Ja== Jy

v ¢ ve it Ve dty Ve
. 2 T x2 1 _
a«é:mgn(l{)s dtw}—]Kl(w - —dk -}T)"'O (2.14)
1
Differentiation of formulas (2, 13) with respect to the parameter X , we obtain the
derivatives occurring in Eq, (2, 14),

@_n _ a T=os1,
K VarkVE—a a= T4 cosi, (2.15)
s a K2—1 K [(1+K2)cosik"‘1J}
4K Vi {K VEE—at+EK 7 14 ky7 arc cos Fd)
The above expressions enable us to transform formula (2, 14} into
dv v a K2t
z x
K = S_,—dt’Hf {;f}g’i‘:}z TR (2.16)
i
Kz {1 4 K% cos ikmi a
TaF K‘Z)'h are cos e —~Vy e = 0

This equation has a solution as K ~» c0, because each of its terms tends to zero,

In this case Eqs, (2,13) yield J = J, = Tp, h=t=tp

Here #p is the time 1equired for the craft to reach the line of intersection of the initial

and prescribed orbital planes in moving along the great-circle arc 0p.
Transforming integral (2, 12) with allowance for (2,10),(1.7), and the fourth equation

of (1,1), we obtain (K| %k
= Vi (V.o @7
6
Wwith allowance for (2, 11) as K — o0, (2. 17) becomes
v, = pr X

In fact, however, K is a finite quantity by virtue of the first inequality of (1. 5).

The quantity K must be maximized in order to minimize the expenditure on control
of the apparent velocity vz. The coefficient K is chosen by the method of successive
approximations with allowance for inequalities (1, 5). The next step is to use Egs, (2.13)
to find the initial and final instants ¢ and % of controlled motion of the orbital plane
of the craft,

8, An approximate analytical evaluation of the permissibility of the control on the
basis of inequalities (1, 5) is carried out by expressing the function W(#) as a polynomial
of degree ». This entails integrating Eq, {1, 4) and finding a formula for determining
the apparent velocity expended on control, i.e, ¥ 7).
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The polynomial describing the function W(z) is obtained by expanding the right side
of Eq, (1. 3) in a Taylor series and discarding the small terms,

To simplify the formulas defining the coefficients of the series we expand the gravi-
tational acceleration in (1, 20) in a Taylor series at the point r,,

g=g D) Su", g =g (Ro/ o) (3.1)
n=g

This series converges very rapidly for real controlled-motion trajectories, since the
relative change in the quantity r over the control segment is insignificant,
Series (3,1) is approximated with sufficient accuracy by the polynomial
&= g6+ st + ...t sst?)} (3.2)

The coefficients sg,..., s3 of this polynomial computed with allowance for Egs, (1.10)

are given by the expressions
so=1, s = — 2b)/by, s, = (3% — 2byby) / by? (3.3)
sg = 2(— 2b® + 3byb by — by2bg) / by®

By virtue of the smallness of the relative change in the radius 7 and the boundedness
of the function W(#) we can assume that the coefficients ¢, gs, ¢7 in (1, 17) are equal
to zero,

We can now write Egs. (1.19),(1,20) and (2, 1) with allowance for (3.2) and (1.17)

in the form We = oty + oyt + ...Faytt, Wy = B+ Bt + ...k Pot? 3.49)
W, =T+ Tat + ... 12

The coefficients of these polynomials are given by the formulas
an:(n+1)cn11'+1’n (n=OY1!21314)
B.=(m+1)(n+2)b,,—d,+8%, T,=Kq, (3.5)

The coefficients b,, b;, bs, s, are equal to zero,
We can now find the function W(¢) by substituting Eqs, (3, 4) into (1. 3),
W= (o+ it+ cejat®) T2 (3.6)
The coefficients 7o,..., js turn out to be
jo = g+ Bo® + Yol 1= 2@ + Bobr + YoM
Jo = 2(a50p - Boba -F Tota) + a® + BiE 4+ 1t
s = (g0 -+ BoBs -+ ToTs + o + Bifs 4 TiYa) 3.7

jo = 2(agxy + BoPg + ToYs + @y + BiBs + TiTs) 4+ a? + B% 4 1.°
js = 2(oqty + Biby -+ Y174 + Fa%g + PaBs + T27a)
jo = 2(000y + BaBy + TaTe) + a5® + Bs® + 15°
1= 2(agay + BabBs 1 TsTd)y s = ag® 4 B+ 12

The function W(t) has first-order discontinuities at the initial and final instants # and
Z; of controlled motion of the orbital plane of the craft., This means that its Taylor-
series expansion must be taken separately over each continuous segment, and that the
integration limits in formula (1. 4) are split into 0 < ¢ < ¢, << T . To simplify our
expressions we assume that ¢ == 0, 1, = 7. Next, expanding the right side of Eq, (3. 6)
in a Taylor series at the point ¢, (where W = W, ), we obtain
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[ee]
W) =W 3 L A" (At =1t — t,) (3.8)

n=0

This series converges rapidly for permissible trajectories by virtue of the boundedness
of W(z).

Practically, with many real trajectories it is sufficient to retain three terms only,
W= Wty + LAt + LAR),  W(t) = (o + hte + ... + ist® (3.9

Computing the coefficients 1,, };, !, of this polynomial, we obtain
ki

p— — 1 ] ,‘R
ly=1, fx—mgiﬁ%‘i} Tnrlo

8

S} D0+ Digte” — b

n={

1
4W2 (to)

Iy =

Integrating Eq. (1.4) with allowance for (3, 9), we obtain the apparent’ velocity expend-
ed on control, y(ry — PW(tIL, + LT — to) + L(sT? — 1T + £3)] (3.10)

The permissibility of a chosen trajectory of craft motion with fixed ends can be veri-
fied by substituting (3. 6), (3, 10} into inequalities (1. 5).
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The system of third-order differential equations describing the motion of a single-axis
gyro stabilizer with a floating integrating gyro is investigated, The stabilizer motor is
controlled by means of a contact device with a dead zone §. It is shown that for a suf-
ficiently small § the system has a closed trajectory corresponding to the autooscillations
of the gyro stabilizer, The domain of immersion of the closed trajectory in the phase
space is specified,

The autooscillations of gyro stabilizers were investigated in [1—-4], The author of
[1, 2] analyzed the motion of a gyro stabilizer in the case of a relay~type stabilizer
motor control, He determined the parameters and investigated the stability of the peri-
odic motion by the method of point transformations, The author of [3, 4] treated the
problem by the harmonic linearization method of E, P, Popov in conjunction with elec-
tronic modelling, The primary emphasis in these studies was on computing the periodic
motion, In the theory of gyroscopic instruments employing autooscillatory operating
modes it is especially important to investigate the conditions of existence of closed tra-
jectories of the differential equations of gyro systermn motion, to prove the existence of



